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ABSTRACT

A new model for investigating the electrical tree growth in solid insulation using a
hyperbolic needle-to-plane gap is presented. The needle is embedded in the insulation
medium. Classification of tree shape depends on the electric field value is presented.
Then, accurate computation of the electric field is a pre-requisite for calculating
electrical tree growth. The electric field distribution is obtained from Laplace's
equation by treating the tree structure as an extension of the stressed electrode i.e.,
conducting medium. The electric field is redistributed during each growth of the
electrical tree. This is achieved by using the charge simulation method. The charge at
the needle surface is simulated by a group of ring charges. To determine the
appropriate arrangement of simulating ring charges inside the needle, a genetic
algorithm is used. A number of series finite line charge is used for simulating the
charge over each branch and sub-branch during the treeing progress. The presented
model for simulating electrical tree growth is a three dimensional field problem. The
used needle tip radius was 3 pm while the gap spacing varied from 0.3 to 15 mm. The
results have been assessed through comparison with available analytical and
experimental data.

Index Terms - Electrical tree growth, tree channel, degradation phenomena,
hyperbolic needle to plane gap, charge simulation method.

1 INTRODUCTION

ELECTRICAL treeing phenomena in solid dielectric are
directly related to electrical degradation of the insulating
materials [1]. Polymeric insulation suffers from electrical treeing
of long-term degradation when exposed to electric fields of low
intensity relative to its intrinsic strength.

Breakdown in solid dielectrics has been traced to a series of
partial pre-breakdown channels emanating from a region of
extremely high electric stress due to imperfections present in the
insulation structure, especially, due to the present of voids,
impurities in the dielectric and protrusions from the inner or
outside semi-conductive layer [2]. These pre-breakdown
channels formed around the defect site in the dielectric structure
resemble the branches of a tree. Electric charges thus penetrate
into the insulation, giving rise to channels, which form the
electrical tree and grow with time until breakdown [3]
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There are basically three different stages in the formation of
trees in the dielectrics: inception, propagation and completion
[3]. In the inception phase, damage accumulates at existing
defects. In the propagation phase, a branching structure
originates from the defect and spreads across the dielectric. In
the completion phase, the tree has bridged the gap between the
electrodes [3].

The description of the geometrical characteristics of tree
channel was introduced by the concept of fractal dimension to
produce structures model similar to those observed in
experimental studies of branching tree channels [3]. It was found
that trees of low fractal dimension grew faster than trees of high
fractal dimension, but trees with high fractal dimension caused
great amount of damages.

In this paper, a new model for investigating the electrical tree
growth in polymeric insulation is presented. This is achieved by
using a hyperbolic needle-to-plane gap; the needle is embedded
in the insulation medium. Tree growth mode (branch or bush
type structures) was obtained by combining both of electrical and
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mechanical stresses [4]. Hence, accurate computation of electric
field is a pre-requisite for determining the mode and calculating
the growth of electrical tree. The charge simulation method
(CSM) and the method of image are used for calculating the
electric field distribution. The electric field is redistributed during
each step of the growth. The charge over the needle electrode is
simulated by a set of ring charges. The optimum arrangement of
these charges is achieved by using genetic algorithms (GAs) as a
search optimization technique [5, 6]. Proposed sets of finite line
charges are used for simulating the main tree stem, each inclined
branch and sub-branch tree stems. The chosen needle tip radius
was 3 um and the gap spacing varied from 0.3 mm to 15 mm.
The results have been assessed through comparison with
available analytical and experimental data.

2 METHOD OF ANALYSIS

2.1 ELECTRICAL TREE GROWTH

PHYSICAL APPROACH TO ELECTRICAL
TREE GROWTH

The minimum electric field required to initiate a crack in the
insulation medium equals to 4 MV/cm [4, 7-9]; the critical field
value (E.).

During the growth of electrical tree, each spark filament is
considered as a crack [10]. The electrostatic energy density at
the crack tip (W)
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where, ¢, is the relative permittivity of the dielectric medium.

At the tip of the filament there will be a very high electric field
(E). This will give rise to the mechanical stress.

The mechanical stress (0), which is induced by electric field
effect, will be [10]
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Then, mechanical energy density (#,,) could be calculated
from [10, 11]

2
O

W =—
2Y
where, Y is the modulus of elasticity.

The total energy (W) will be equal to (W,+ W,. At
breakdown, W,, >> W, [11]. Hence, W with respect to a unit
volume will be
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where, r is the crack radius with incremental length dl.

From equation (4), the total energy ¥ is proportional to £, If
this energy describes the critical energy W. at a critical electric
field E. , tree initiation is reached.
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(i.e., equal volume criterion), where, r, is the crack radius at
critical electric field E...

2.1.2 MODES OF ELECTRICAL TREE GROWTH

For bush tree -in destroyed volume- the number of initiated
cracks is very high. This number covers the entire volume.

The total number of cracks (V) in the destroyed volume of
spherical shape with radius R, will be

i 7[R3 R 2
=3 =4(d] )
gmosz

The reported values of r, and R, are 1 pum and 10 um,
respectively [12-14], i.e., R; =10r,. Therefore, N will be equal
to 400 cracks.

undamaged zone

troe charnel % channel

Destroyed volume with
radius Ry

Figure 1. Microstructure of the local field around the tree channel tip; the
destroyed volume with radius R, and a tree channel with radius 7.

In the case of two dimensions the dielectric medium breaks
down mechanically when §/S =0.6 , where, S, and S are the

initial and the stressed spacing respectively [11]. Hence, the
material is compressed by 0.4 times of initial dimension. This
means that the collapsed volume equals to 0.4°.

Then, an “energy destroyed factor” will be equal to 0.064
multiplied by the N cracks, i.e., n; = 25.6 cracks are needed to
cover the destroyed volume.

Therefore, the needed critical number of cracks (#.), in two
dimensions, for bush tree is 71, =3/n, = 2.944. By

substituting in equation (6)

= ®)

£

The ratio E/E. is equal to 1.31 for n. equal to 2.944.
Therefore, E/E. <1.31 indicates a branch tree, and >1.31
indicates a bush tree [4].
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2.1.3 PROPOSED STRUCTURE OF ELECTRICAL
TREE GROWTH

When the electric field inside the dielectric medium
reaches 4 MV/cm, the electric stress is sufficient to overcome
the mechanical strength where one crack starts. However, all
dielectric materials give a constant surface tension pressure of
4450 mmHg for micro-air voids when referred to ambient
temperature. Its breakdown field reaches a value of 1.31
MV/cm [13], irrespective of the fact that these materials have
different surface tension at its liquefied phase temperature.
This value corresponds to (1.31/[3&/(2¢+1)]), inside the
dielectric medium. This explains the crack length of 10 pm,
which was reported by others [12-15].

From previous analysis, the proposed tree progress can be
given by the following steps:

1- At the needle tip the electric field must reach a value of
4 MV/cm.

2-  Under this 4 MV/cm, there is one branch crack of 1 pm
radius and 10 pm length [12-15].

3- This initiated crack increases in size due to ionization at
its surface, which is assumed to be a conducting
medium.

4- A mechanical crack occurring inside dielectric material
normally tapers off in radius towards its tip. This is
modeled in this paper by a hyperbolic termination.

5- The tree is easily started from a void site and progresses
towards another void. If there is no void adjacent to the
needle tip, the discharge around this very high electric
field needle tip will likely initiate a void. The radius of
the initiated void in front of the tip will ultimately reach
the tip radius value; the tree radius will then assume an
equal value.

6- The electric tree starts from the needle tip under the
electric field > 4 MV/cm towards an air void, at which
the electric field inside the void reaches the inception
value (E;) with a crack length equal to 10 um.

7- The progress of the tree with its branches will depend
on the void distribution in the medium [17]. The tree
path will head for the minimum distance from the point
of maximum electric field with an angle determined by
the void location, Figure 2.

8- The void spatial distribution is produced by a computer
program using the Poisson distribution, which is
appropriate for this present case. It also produces
random events occurring in the given region.

9- The present simulation calculates the electric field at
each intended position in the medium considering all
charges present at the surface of the needle, the main
stem and all branches of the progressed tree up to this
position.

10- At each tip the ratio of E/E, is calculated. If this ratio is
less than 1.31, it indicates one or two cracks (branch
tree type). If it is greater than 1.31 it indicates more
than two cracks (bush tree type).
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Figure 2. A propagating tree and its branching process. (a) Micro-voids
initiate at the tree tip when the intensity of the local field ultimately builds
up to some critical level; (b) the primary tree channel departs from its
original straight trajectory to connect to a neighboring cavity being
absorbed; (c) another neighbor cavity is absorbed by the main tree channel
to form branching tree channels [17].

2.2 ELECTRIC FIELD CALCULATION

The progress of electrical trees in an insulating system calls at
first for accurate computation of the electrostatic field. This is
obtained from Laplace's equation using CSM [18]. The needle
electrode is simulated by a number of ring charges. The appropriate
arrangement of these ring charges is achieved by GAs.

The suggested model considers the electric field redistribution
during the growth of the electrical tree. Series of vertical or
inclined line charges [19, 20] are used for simulating the tree. For
these inclined charges, a coordinate transformation is performed.
Then, the electric field is calculated in the original coordinate
system.

2.2.1 NEEDLE SIMULATION

Figure 3 shows a hyperbolic needle-to-plane electrode system
stressed by a voltage /" and embedded in solid insulation.
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Figure 3. A hyperbolic needle-to-plane gap configuration.

The needle has a tip radius R and is located at spacing S,
above the grounded plane.

The shape of the needle may be described by the hyperbolic
function [21]:
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The distributed charge on the needle surface is simulated by a
set of n ring charges arranged along the needle axis. The vector
of unknown charges, Q is computed from the matrix equation:

[Plol=[r]

For a given charge distribution, the potential @ at an
arbitrary point is a summation of the potentials resulting from
the individual charges,

¢ :Z};Q,, i=12,..
j=1

where, M and P; are the number of contour points, (M = n)
and potential coefficients, respectively.

M

A simple expression for the axial location of the 1% ring
charge along the z-axis is presented by:

7z, =S, +f,R (13)

The axial location of the /" ring charge along the z-axis is
given by

z, =z, +(-DR+fiR , j=23,...n (14)
The radius of any ring charge is determined by
r = iR -S2)/S, (15)

The used objective function is simply the accumulated
squared error, which has the form [18]:

U=l -l

The problem is now reduced to the determination of the
optimum values of parameters f, , f; and f; subject to the
satisfaction of the objective function given by equation (16),
using GAs. In order to assess the computation accuracy, the
angular deviation of the field vector at the needle surface is
computed. In addition, the computed electric field, along the
gap axis FE(z), is compared with the following analytical
formula [21]:

E(Z)z

(16)

-2V

1
all—(z/af JIn[(1+w,)/(1-w,)] (4

where, a =S ,/1+(R/S,),and w, =S, /a

2.2.2 CHARGE SIMULATION WITH TREE GROWTH
2.2.2.1 SIMULATION WITH MAIN TREE STEM

Initiation of a tree occurs when the electric field at the
needle tip reaches E. , under which a crack is initiated [4, 7-9].
Due to the partial discharge in the initiated crack, the medium
inside it becomes conducting [12]. The field at the tip of the
initiated tree becomes higher than £, . Hence, the initiated tree
tip will grow with time and form the main tree stem. The main
tree stem is assumed to have a cylindrical shape having a
radius R (the tip radius of the needle electrode). The main tree
stem is proposed to be terminated by a hyperbolic tip having a
radius 7, of the initiated tree tip, Figure 4.
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Figure 4. A hyperbolic needle with main tree stem terminated by tree tip-to-
plane gap.

The main tree stem with its terminated tip is simulated by n;
finite line charges arranged along the z-axis.
Therefore, the potential at an arbitrary point is expressed
by:
n n+m
#=2 R0+ 2RO, . i=12.
j=1

Jj=n+l

WM (18)

where, M equals (n + n;).

2.2.2.2 SIMULATION WITH INCLINED TREE STEM

After the step taken by the main tree stem, the terminated tip is
assumed to grow in an inclined direction by an angle ¢;, which
depends on steps (7 and 8) in the proposed tree structure, having
a cylindrical shape with hyperbolic terminated tip, Figure 5.

Az

Figure 5. A hyperbolic needle with main and inclined tree stems-to-plane gap.

The inclined portion is simulated by n, finite line charges
(Appendix A). The potential at an arbitrary point is expressed by:

¢=> PO+ PO+ D PO i=12..M (19
Jj=1 Jj=n+l J=n+m

where, M equals (n + n; + ny).

Authorized licensed use limited to: QASSIM UNIVERSITY. Downloaded on December 28, 2009 at 15:21 from IEEE Xplore. Restrictions apply.



1728
2.2.2.3 SIMULATION WITH SUB-BRANCH TREE STEM

Following the inclined tree stem, the tip of the inclined tree
stem is assumed to grow in an inclined direction, at an angle
a; with respect to the main z-axis, Figure 6.

Az
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Figure 6. A hyperbolic needle with main, two inclined and one sub-branch
tree stems-to-plane gap.

The sub-branch tree stem is simulated by n; of series finite
line charges. Another inclined tree stem with an angle o, may
develop during this process depending on its energy with 7,
finite line charges.

Then, the potential at an arbitrary point is expressed by:

n ntny e+, nny
4=YP0+> PO+ YEO+ > EQ ,i=12.M (20)
Jj=1 J=ntl JEnny JEry A,

where, M equals (n +n; + n, + n3).

3 RESULTS AND DISCUSSION
3.1 ELECTRICAL TREE GROWTH

Mode of electrical tree growth is determined by the number
of initial cracks. This number depends on the energy level at
the considered high electric field tip relative to the critical
energy level at £, .

The mode of electrical tree is determined by equation (9) as
follows:

e For Branched tree

- Atonecrack (n.=1)

- Attwo cracks (n.=2)

e For Bush tree
- More than two cracks (n. > 2.944) i.e., E/E. > 1.31

This means that the medium at the considered site starts to
collapse under three times the energy at critical field value E. .

ie,E/E.=1
ie., E/E,=1.189

According to [12], the damage in a tree is defined as the
ratio of (the sum of all tree channels length to the average length
of the new channel) raised to the power of fractal dimension.

The range of fractal dimension varies between
o fractal dimension < 2 it is considered as branched trees
o 2 < fractal dimension < 3 it is considered as bush trees

A. El-Zein et al.: A Numerical Model of Electrical Tree Growth in Solid Insulation

Measurements on synthetic resins [12] have shown the
typical dimensions of newly formed electrical tree branches to
be ~ 10 um long and 1 pm radius.

The present results agree with those in [12], in which case it
is possible to postulate that n. is nearly equal to fractal
dimension. This is a significant conclusion to the present work.

3.2 ELECTRIC FIELD CALCULATION
3.2.1 NEEDLE SIMULATION

In order to demonstrate the proposed approach, the used
needle tip radius was 3 um, and the gap spacing varied from 0.3
mm to 15 mm, with »n =131 ring charges. The used number of
generations, population size and mutation rate in GAs [5], were
100, 10 and 0.01.

The results shown, in Figures 7, 8, 9 and 10 show that the
proposed method is accurate for the examined G, where, (G =
S/R) range; G =100 to 5000 to cover a wide range for the
simulation program.

The boundary conditions are checked over 200 times R of the
needle surface and checked over 60 times of (R/60) along the tip
of the needle z-axis. The simulation results are shown in Table 1.

Table 1. The simulation results of the needle.

Position % max. absolute max. field deviation angle
potential errors (degree)
Along needle surface 0.0774 0.9504
Along needle tip 0.8598 2.7622
0.061
— G=100
0.04 —e— G=5000
0.02
s
5 0
8 N
E -0.02 j ¥
]
& -0.04 .
* I
-0.06
*
-0.081
-0.1

17 20 40 60 80 100 120 140 160 180 200)(R

Location of contour points along the needle surface

Figure 7. Variation of the per cent potential errors along the needle surface.
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Figure 8. Variation of the deviation angle along the needle surface.
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Figure 9. Variation of the per cent potential errors along the needle tip.
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Figure 10. Variation of the deviation angle along the needle tip.
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Also, the computed electric field error on the axis of the
needle-to-plane gap deviates from the results of equation (17)
by less than 5 %, Figure 11.

For tree simulation, the following values were used: R = 3
pm, g.= 2.3 for XLPE, and S,= 12 mm, with "= "7.5 kV [22].

The electric field E; inside the dielectric medium will be
(1.31/[3¢,/(2e,+1)]), which is 1.063 MV/cm inside the
dielectric medium. The axial length between the needle tip
and the location, at which E; is reached, is approximately 10
pm, as given from Figure 12. This agrees with the 10 pm
reported in [12-15].

~.

-

%Field error

—— G=100
===+ G=5000
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Distance from tip (um)
Figure 11. Per cent field error along the gap axis from analytical values.
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Figure 12. Electric field distributions along the gap axis using CSM.

3.2.2 SIMULATION WITH MAIN TREE STEM

For accurate simulation results, (n;=10) series finite line
charges are placed equally between the main tree stem and its
tip.

To check the potential error and the deviation angle over
the surface of the main tree stem, 40 check points are chosen
over the tip and the main stem surfaces. The simulation results
are shown in Table 2.

Table 2. The Simulation Results with Main Tree Stem.

Position % max. absolute max. field deviation
potential errors angle (degree)
Along needle surface 0.0772 1.9567
Along main tree stem surface 0.1214 3.8584
Along main tree stem tip 0.2646 2.1339

3.2.3 SIMULATION WITH INCLINED TREE STEM

After addition of the main tree stem to the needle electrode,
the field is calculated in the direction of the nearest void,
which is randomly distributed. The location of assumed void
was found to exist at an angle a; =46 degree from z-axis at the
tree tip, which is in line with the experimental results [22-25].

The inclined tree stem is simulated by a group of finite line
charges (1, =10) spaced equally between the inclined cylinder
and its tip.

To check the potential error and the deviation angle, 30
check points are chosen over the inclined tree stem and its tip.
The check points are expressed in three dimensions (Appendix
B). The simulation results are shown in Table 3.

Table 3. The Simulation Results with Inclined Tree Stem.

max. field deviation
angle (degree)

% max. absolute
potential errors

Position

Along needle surface 0.0770 2.0608
Along main tree stem surface 0.0397 2.1950
Along inclined tree stem surface 0.1196 34112
Along inclined tree stem tip 0.2405 2.8958

3.2.4 SIMULATION WITH SUB-BRANCH TREE STEM

Based on the two inclined tree stems with angles (a; = 46
and o, = 48 degree) a sub-branch develops, which is an
inclined tree stem at an angle (a3 = 15 degree) with respect to
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the vertical axis of the needle. The sub-branch tree stem is
simulated by a number of finite line charges (n;=11).

To check the potential error and the deviation angle 30
check points are chosen over the sub-branch tree stem and its
tip. The simulation results are shown in Table 4.

Table 4. The Simulation Results with Sub-Branch Tree Stem.

Position % max. absolute max. field
potential errors deviation angle
(degree)
Along needle surface 0.0852 2.2850
Along main tree stem surface 0.0837 2.7511
Along 1% inclined tree stem surface 0.0636 1.7162
Along 2™ inclined tree stem surface 0.1144 3.9423
Along 2™ inclined tree stem tip 0.2079 2.8237
Along sub-branch tree stem surface 0.3878 3.9251
Along sub-branch tree stem tip 0.8701 4.1567

3.3 COMPARISON WITH AVALIABLE
EXPERIMENTAL DATA

3.3.1 TREE INITIATION COMPARISON
The experimental results, which shown in Figure 13,
display different branch tree types.

Figure 13a, V'=10kV, R=5 pm and S, = 3 mm after [26], in
which case E/E.=1.284 <1.31.
Figure 13b, V'=6kV, R=3 pm and S, = 10 mm after [27], in
which case F/E.=1.052 <1.31.
Figure 13c, V'=10kV, R=5 pm and S, = 3 mm after [28], in
which case E/E.=1.284 <1.31.
Figure 13d, V'=10kV, R=5 pm and S, = 5 mm after [29], in
which case E/E,=1.205 <1.31.

F Tiee petgagan:n

(b)

Figure 13. Different branch tree types.

For all explained results the proposed model is found to be
applicable in indicating the branch tree type according to the
value of (E/E.), which is less than 1.31 for branch tree type.

The experimental results, which shown in Figure 14,
display different bush tree types.

Figure 14a, V'=20kV, R=5 pm and S, = 5 mm after [29], in
which case E/E.=2.41 >1.31.

Figure 14b, V=18 kV, R =3 pum and S, = 3 mm after [30], in
which case E/E.=3.616 >>1.31.

Figure 14c, V'=1131kV, R=5 pm and S, = 3 mm after
[25], in which case E/E.=1.45 >1.31.

Figure 14d, V=10kV, R =3 pm and S, = 12 mm after [22],
in which case E/E.=1.72>1.31.

A. El-Zein et al.: A Numerical Model of Electrical Tree Growth in Solid Insulation
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Figure 14. Different bush tree types.

For all explained results the proposed model is found to be
applicable in indicating the bush tree type according to the
value of (E/E.), which is higher than 1.31 for bush tree type.

3.3.2 PRESENT SIMULATION COMPARISON

Starting at a critical field of 4 MV/cm the model finds that
at nearly 60% of the gap spacing a mode conversion from
branch to bush takes place, which is in accordance with the
corresponding value of breakdown [11]. Figure 15, shows the
structure of the simulated tree. The simulated accuracy of the
potential error and deviation angle did not exceed 1% and 5
degree, respectively.

()

Figure 15. (a) experimental results using needle of tip radius equal 3um,
gap spacing 12mm, and applied voltage 10kV [22], E/E=1.72. (b) The
present simulation technique using the same data under 7.5kV, E/E.=1.29.
Note: E/E.=1.72 therefore tree start bush and complete branch tree.

Figure 15a, shows the experimental result using the same
dimension as present simulation, yet with 10 kV, where the
tree starts as a bush type, E/E. = 1.72, and then converts into
branch type tree. To ensure starting with a branch type the
present simulation applies a reduced voltage is 7.5 kV.

4 CONCLUSIONS

1. The tree starts when the stressed tip attains a value of 4
MV/cm.

2. The path of the tree directed from the stressed tip with
electric field equal or greater than 4 MV/cm toward a
void location reaches the inception electric field 1.31
MV/cm inside the air void.

3. The crack length inside the dielectric medium of 10 um
at 4 MV/cm is emphasized. This length of the tree
channel predicted by the proposed method is in
accordance with the previously reported experimental
values.
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4. The critical number of initiated cracks are n.=1, n.=2,
and n. > 2 for one-crack-branched tree, two-cracks-
branched tree, and bush tree respectively.

5. The stressed site medium collapsed at three times the
energy required by the critical field value.

6. The present results are appropriate for indicating the
branch and bush types tree, depending on the value of
field ratio E/E., which has been confirmed by
comparison ~ with many  previously
experimental results.

7. The new critical number of cracks n. approximately
equals fractal dimension reported in literature.

8. A new method is presented for simulating the tree
growth in solid insulation using CSM.

9. The computed electric field error on the axis of the
needle-to-plane gap deviates from the analytical
solution by less than 5%.

10.The accuracy of the simulation is satisfied for the
potential error, (not more than 1 %), and the field
deviation angle, (not more than 5 degree) over the
needle surface, the conducting channel surfaces for the
main, the inclined, and the sub-branch tree stems.

APPENDIX A

A1. TRANSFORMATION OF COORDINATES

Each inclined finite line charge ¢ and its image — g will be
assigned to a specific Cartesian coordinate system (r;, z;) and
(r5, 25), respectively, as shown in Figure Al.1.

By transformation of coordinates, an arbitrary point 4 (7, z)
is referred to new coordinates of line charge ¢ and its image
— g. Then, the main origin is displaced to the new origins (,,
z,) and (r,, - z,). Hence, the new coordinates of the point 4
referred to the coordinate systems (7}, z;) and (7, z,) are given
as follows:

z, =zcos@—rsind

1, =zsin@+rcosd

By displacing the origin:
z,=(z~z,)cos@—(r—r,)sind
r=(z—z,)sin@+(r—r,)cosd
Similarly,

z, =zcos@+rsinf

r, =—zsin@ +rcosf

By displacing the origin:
z,=(z+z,)cos@+(r—r,)sind

ry=—(z +z,)sin@+(r —r, )cos &
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Figure Al.1 Transformation axes included the inclined line charge ¢ and its
image —¢q

A2. POTENTIAL CALCULATION

Each infinitesimal length d{ of the finite line charges ¢ and
— ¢, having length /, has infinitesimal charges dg and — dg,
respectively.

dq = %.d(

After referring the coordinates of point A(r, z) to the new
coordinates (r;, z;) and (r;, z;), its potential can be calculated
considering infinitesimal charges as follows:

d 1 1
de = 7‘]' = =

4re \d, d,
where, d; and, d, are the distances between point 4 and the
infinitesimal charges d{ and its image. Then,

d, = (4/_21)24’”12

d, = (§+Zz)2 +ry
Therefore, the partial potential coefficient, dp for the
infinitesimal length of charge d{ and its image equals
d 1 1
dp = 9 — —
4nel \/(g_zl) +n \/(§+22) +7

Integrating along the length / of the inclined finite line
charge, the potential coefficient p will be

e Lo [("Z‘FWHMW]

" dne | [(—Zl)‘FW}{(ZJﬂZ)—Fm]

dg
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Then,

[Z z) i+ (1 -z, }[z+ r+zJ
ﬁ}x[(!-ﬁ-z )+ r22+(l+zz)2}

q
= In
¢ 4rel [

A3. FIELD CALCULATION

As well known, the electric field intensity E is the negative
gradient of the potential. The differentiation of potential ¢ in
the coordinate systems (r;, z;) and (r; z;) is conducted
separately. Thus the components of field intensity of charge ¢
and its image in the coordinate systems (7}, z;) and (r,, z,) are
obtained, respectively.

Let:
W+ (l-z, )2

=\ +z] ,

Hence, for each inclined line charge ¢ and its image, at a
contour point A(r, z), the field intensity components E,;, E_;,
E,,and E,, are

PR U T
drel| ny, ro,

Ezl q L - L
4rel 0,

ErZ == q
4rel | ry,

_ 2 2
O, =1 +z,

o, = rzz+(l+zz)2

For the superposition of the field intensity components of
inclined line charge ¢ and its image, the r;, z;-components as
well as the r, z,-components of the field intensity must be
transformed back and added into the main coordinate system
(7, z). The field components, at point 4, of inclined line charge
g and its image in the main coordinates r, z is derived and
given as follows:

E, = (EZ1 +E, )cost?Jr(Er1 -FE, )sinH
E =(-E,+E_,)sin6+(E, +E,)cos®

APPENDIX B

B1. SURFACE EQUATION OF INCLINED
CYLINDRICAL

Let @, @, and ®; be the angles represent the direction of
cylindrical axis with respect to the main axes x, y, z, Figure
BI1.1.

A. El-Zein et al.: A Numerical Model of Electrical Tree Growth in Solid Insulation

Hyperbolic shnpc-’/‘ AR /
S
1
e

Transformation axes—

|
|
Xy
Figure B1.1 Transformation axes included the inclined cylinder and its tip.

The direction cosines of this axis are(cosg,,cosd,,cosg,),

where, cos * ¢, + cos* @, + cos * ¢, = 1 according to [31].

Now let s (a, b, ¢) be the center of the sphere touching the
cylinder at its base, so the equation of this sphere represented

as
+(y—b)2 +(z—c)2 =7

(x—af

And the plane containing the point s and perpendicular to
the cylindrical surface may be represented by

(B1.1)

cosg(x—a)+cosg,(y—b)+cosd,(z—c)=0.0 (B1.2)

By taking a general point (¢, £, y) on both the plane and
the sphere, which represent the cylindrical surface equations
(B1.1) and (B1.2) will be

(a—af +(B-b) +(y—c) =7
cosd(a —a)+cosd,(B—b)+cosg,(y —c) =0.0

(B1.3)
(B1.4)

The axes of the cylinder will be the same as the parallel
direction containing the point (¢, £ 7)

oo _y=B_z7r (B1.5)
cosd, cos¢2 cosqﬁ3

So
o =Xx—1COSq, (B1.6-a)
p=y—tcosg, (B1.6-b)
Yy =z—1Ccos¢, (B1.6-c)

Substituting by new values of ¢, f, and y in equation
(B1.4), to get a new value of 7 in terms of x, y, and z, from this
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new value, the values of ¢, S, and yrepresented by x, y, and z
can be obtained by substituting in equations (B1.6-a) ,(B1.6-
b), and (B1.6-c)

Then, using these new values of ¢, £, and y to obtain the
cylindrical equation by substituting in equation (B1.3).

B2. SURFACE EQUATION OF INCLINED

HYPERBOLIC TIP
The general equation used for hyperbolic tip [31],
X v z
T —— (B2.1)
a a b

At first the axes transformation are carried by considering
Z-axis is the same of the cylinder z-axis but in opposite
direction. Using the cosine directions of cylindrical
axes(oos¢l,cos¢2,cos¢3), with the others axes X, Y, which

must be perpendicular to the Z-axis.

x=Z2Zcosg, (B2.2-a)
y=Zcosg, (B2.2-b)
z=2cosg, (B2.2-¢)

The dot product of X or Y-axis with Z-axis equal zero

X cos ¢, cos¢, cos g, cosg | X | |aa
yi=| 0 —cos> ¢ —cos’ g, cosd, | ¥ |+|bb| (B2-3)
z —Ccosd, cos¢, cosg, cosd, || Z cc

where, (aa, bb, cc) represent the dimension of the center point
of the transformation axes.

From equation (B2.3), we get the new values of X, ¥, Z
represented by x, y, and z.

Then, by substituting in equation (B2.1) the hyperbolic tree
tip equation shape is obtained.

By using the point of connection between the cylindrical
shape and the inclined hyperbolic shape into the equation of
hyperbolic tree tip shape, the values of @, b in equation (B2.1)
is obtained.
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